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/i/l/iE CUliel - SA Mathematical Game 

by Greisy Winicki-Landman 

This article presents a strategy game for two players, which 
requires one cube and eight stickers, each with one of the 
natural numbers 1-8 on it. Each number appears only once. 

Rules of the Game 

The first player chooses one of the eight stickers and applies 
it to one of the cube's vertices. The second player chooses 
one of the remaining stickers and applies it to one of the 
cube's seven 'free' vertices so that if the chosen vertex is 
connected by an edge to a vertex that already has a sticker on 
it, the sum of the numbers on these two vertices must be a 
prime number. The players continue to take turns playing in 
this manner. The loser is the player who cannot make a legal 
move. 

Following is an example of the game. The letters A-H will 
be used to denote the vertices of the cube. 
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Fig. 1 Some moves in a cube 

* Player 1 applies the '2' sticker to vertex C. 
* Player 2 applies the '6' sticker to vertex H. 
* Player 1 applies the '1' sticker to vertex G (note that 6+1 

and 2+1 are prime numbers). 
* Player 2 applies the '4' sticker to vertex A. 
* Player 1 applies the '3' sticker to vertex B (note that 2+3 

and 3+4 are prime numbers). 

Now, there are three free vertices (D, E and F) and three 
remaining stickers (5, 7 and 8). An examination of all 
existing possibilities reveals that, in this case, there are no 
more legal moves available for Player 2. Player 2 is, 
therefore, the loser. 

To analyse this game, we will attempt to answer the 
following questions: 

2 

Questions 

(1) Can this game end in a tie? 

(2) Does a winning strategy exist for either of the two 
players? If yes, for which one? 

(3) How can this game be expanded or modified to obtain 
additional games? 

Question 1: Can this game end in a tie? 

The meaning of a tie, in this game, is that all of the vertices 
are 'occupied' according to the rules of the game. In other 
words, all of the vertices are numbered by the natural 
numbers 1-8 and the sum of the numbers on each pair of 
adjacent vertices equals a prime number. 
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Fig. 2 A tie is not possible in a cube 

Let us assume that the number 1 was applied to vertex A 
of the cube. Each vertex is connected (or is adjacent) to three 
other vertices. Therefore, the numbers on the vertices 
adjacent to A must be 2, 4 and 6 (think why!). Since the 
three vertices adjacent to A are B, D and E, let us apply these 
three numbers to these three vertices. 

If we look at vertex C, we see that it is adjacent to vertices 
B and D. From the four remaining numbers (3, 5, 7 and 8), 
it is evident that the number on vertex C must be 3 (think 
why!). Following a similar rationale, the number 5 must be 
on vertex F Vertex H is adjacent to D and E, and so, of the 
two remaining numbers - 7 and 8 - the number 7 must be 
applied to vertex H. The only free vertex at this stage is G 
and the only number left is 8. But 8 cannot be applied to this 
vertex because 7+8 does not equal a prime number. 

From this example it can be concluded that the game 
cannot possibly end in a tie. This analysis also shows that 
the 'longest' game possible has seven moves. It would be 
interesting to see what the 'shortest' game is ... 
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Question 2: Does a winning strategy exist for either of the 
players? If yes, for which one? 

In this game, Player 2 has an advantage over Player 1. He can 
decide the game in exactly four moves, and win. Following 
is an example that explains why: 

Let us assume that Player 1 chooses vertex A and applies 
the number 5 sticker to it. If Player 2 chooses vertex C (for 
instance) and applies any even number to it, vertices B and 
D will be 'blocked' because it not possible to apply any 
number to them. The reason for this is as follows: 

* If an even number is applied to vertex D, then the sum of 
the numbers on vertices C and D will be even (and greater 
than 2), and therefore will not equal a prime number. 

* If an odd number is applied to vertex D, then the sum of 
the numbers on vertices A and D will be even (and greater 
than 2), and therefore will not equal a prime number. 

(The same explanation is valid for vertex B.) 
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3 

Fig. 3 4-moves game in a cube 

In this game, it is best to play second. Player 2 can ensure 
himself victory if, on every move, he chooses a number with 
a different parity than the number chosen by Player 1 on his 
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Fig. 4 Ties in a hexagonal prism 

previous move, and apply it to a vertex that is opposite that 
chosen by Player 1, but on the same face of the cube. 
According to this method, the game will end after four 
moves and Player 2 will be the winner. In addition, it can be 
concluded that this is the shortest possible game. 

Question 3: How can this game be expanded or modified 
to obtain additional games? 

The original game makes use of a cube and of the natural 
numbers from 1 to 8. If other prisms are used, the results 
discovered for the cube may not be relevant. For example in 
the case of a hexagonal prism, the players must choose natural 
numbers from 1 to 12. In this case a tie is possible (Fig. 4). 

If, instead of this polyhedron, a triangular pyramid is used 
then only four numbers are required, for this pyramid has 
four vertices. In the Prime Triangular Pyramid game, using 
the natural numbers 1-4, all games end after two moves 
(verify why!). Therefore, in this game, it is best to play 
second. Check it out! (For a hint, see Figure 5.) 

2 D 
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3 

Fig. 5 2-moves game in a triangular pyramid 

We will demonstrate the Prime Pyramid game on a 
quadrangular pyramid, using five stickers with the natural 
numbers 1-5 on them. 

Figure 6 shows a game that ends after three moves and the 
winner of this game is, therefore, Player 1. 

In this game: 
* Player 1 applies the '5' sticker on vertex E. 

* Player 2 applies the '4' sticker on vertex B. 
* Player 1 applies the '2' sticker on vertex D. 

* Player 2 has no legal move, and therefore, he loses. 

Figure 7 shows a game that ends after only two moves, and 
in which Player 2 is the winner. 

In this game: 

* Player 1 applies the '3' sticker on vertex C. 

* Player 2 applies the '2' sticker on vertex A. 

* Player 1 has no legal move, and therefore, he loses. 

Thus, the question arises: In this game, is it best to play 
first or second? In order to answer this question, one must 
observe that in this case not all vertices of the pyramid are 
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Fig. 6 3-moves games in a quadrangular pyramid 
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Fig. 7 2-moves game in a quadrangular pyramid 

'equal'. One of the vertices has four neighbours (vertex E), 
whereas the rest have only three neighbours. Player 1 has, 
therefore, two choices: 

* Case A: If Player 1 chooses vertex E, then on his next 
move, Player 2 will choose one of the base vertices, e.g. 
vertex B. By doing so, vertices A and C are 'blocked'. 
Player 1 has only one possible move left, vertex D, which 
he can use in order to win (see Figure 6). 

* Case B: If Player 1 chooses one of the base vertices of the 
quadrangular pyramid, for instance vertex C, then Player 2 

can win by choosing vertex A, because this move 'blocked' 
all the other vertices (see Figure 7). 

From the above, it can be concluded that Player 1 has the 
opportunity to win. In other words, if Player 1 chooses 
vertex E of the pyramid he ensures himself a victory. Any 
other move, will lead him to lose. 

Please note that the number selected has no significance at 
all; the only factor that needs to be considered is the vertices 
and the parity of the numbers. 

Another Game 

We have seen that for the Prime Cube game a winning 
strategy exists for Player 2, while in the Prime Quadrangular 
Pyramid a winning strategy exists for Player 1. 

4 

If Prime Pentagonal Pyramid is played, is a tie possible? 
In this game, which is it best to be, the first to play or 
the second to play? Figure 8 presents a game using a 
pentagonal pyramid, which ends in the victory of Player 1. 
Does he have an advantage over Player 2 in this game? 
Does Player 2 have a way in which he can prevent Player 1 
from winning? Play the game and check it out! 
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B 

Fig. 8 3-moves game in a pentagonal pyramid 

In the Prime Pentagonal Pyramid game a tie is not 
possible. Actually, a tie is not possible in any Prime 
Pyramid. To explain why, we may reason as follows. 
Let V be the number attached to the vertex of the pyramid 
not from its base. If the base of the pyramid is a pentagon 
and the numbers attached to its consecutive vertices are A, 
B, C, D, and E, then VIA and VIBE are prime numbers. 
Since 2 is the only even prime number and is not attainable 
as the sum of two different natural numbers, the sums VIA 
and VIBE are odd. Therefore, ALB is an even number 
greater than 2 making it a composite number. And it is 
against the rules of the game to have two adjacent vertices 
that the sum of their correspondent numbers is a 
composite number. Since the same reasoning applies to 
all the pyramids, a tie is not possible in any Prime 
Pyramid game. 

If the game is played with a pentagonal pyramid, 
Player 1 may win if he chooses vertex F of the pyramid. 
Since the base has five vertices, two more moves are 
possible (think why!). Thus, any legal move will lead 
Player 1 to win. 

It may be interesting to play the Prime Octagonal Pyramid 
game. In this case nine stickers with the natural numbers 
1-9 are needed. 

Table 1 describes all the possibilities to choose two different 
natural numbers from 1 to 9 and distinguishes between prime 
sums and compound sums. 
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Table 1 Sum of two numbers: prime or composite? 
(Range 1-9) 

+ 1 2 3 4 5 6 7 8 9 

1 - P C P C P C C C 

2 P - P C P C C C P 

3 C P - P C C C P C 

4 P C P - C C P C P 

5 C P C C - P C P C 

6 P C C C P - P C C 

7 C C C P C P - C C 

8 C C P C P C C - P 

9 C P C P C C C P - 

From this table it follows, that each number has a different 
number of neighbours. The number of neighbours of each 
natural number from 1 to 9 is summarized in Table 2. 

Table 2 Numbers of neighbours of a number 
(Range 1-9) 

Number 
N's N of 

neighbours 
neighbours 

1 2,4,6 3 

2 1,3,5,9 4 

3 2,4,8 3 

4 1,3,7,9 4 

5 2,6,8 3 

6 1,5,7 3 

7 4,6 2 

8 3,5,9 3 

9 2,4,8 3 

The number '7' plays a special role in this game since it 
has only two neighbours. It means that if Player 1 applies the 
'7' to vertex I, after two more moves the game ends and he 
wins (see Figure 9). 

7 I 

G 

F 

6 
A E A 

4 

D 7 
B 

Fig. 9 3-moves game in an octagonal pyramid 

Therefore, Player 1 has an advantage over Player 2 in the 
Prime Octagonal Pyramid game. But, if Player I applies the '7' 
to one of the base vertices of the pyramid, he may lose (see 
Figure 10). 

Verify that the same reasoning about the special role 
played by '7' holds for the heptagonal and the hexagonal 
pyramid but not for the pyramid whose base has 9 vertices. 
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Fig. 10 6-moves game in an octagonal pyramid 

Didactic Notes 

Two topics from the maths curriculum integrate naturally in 
this game: spatial geometry and number theory. Concepts 
related to spatial geometry include cube, face, vertex, edge 
and pyramid, while those related to number theory include 
prime number, composite number, even number and odd 
number. In addition, several important skills in teaching 
mathematics find expression when playing this game: 
spatial vision, exhausting all possibilities, giving examples, 
presenting an explanation, raising hypotheses, formulating 
generalizations, and posing questions. 

This game can be integrated into various frameworks, 
starting from classes, in which the concept of prime 
numbers is taught, all the way up to groups of grownups at 
social gatherings. These games can help in the achieving of 
various mathematical education objectives in that they 
enable the creation of an enjoyable learning experience, 
promote cooperation among students, serve as a framework 
for practising mathematical concepts, encourage of 
mathematical communications, and so on. 

Keywords: Strategy; Games. 
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